In particular, if f is any morphism in F , C ⊗ f is the pullback
and if S is an object of F , C ⊗ S is the fiber of C ⊗ over S. Suppose k : K → F is an arbitrary map of simplicial sets. We define a simplicial set Fun(C, D) ⊗ by the following universal property: there is a bijection, natural in k,
Observation 1. A section of the structure morphism Fun(C, D) ⊗ → F thus corresponds to a map over F from C ⊗ to D ⊗ .
Suppose D has all colimits, and that they are compatible with the symmetric monoidal structure of D in the sense of Definition 3.1.1.18 of [Lur12] . We seek to prove that Fun(C, D) ⊗ → F is a cocartesian fibration. That it is an inner fibration follows from Proposition 3.3.1.3 of [Lur09] .
Proof. Let ǫ be the map Λ n 0 → ∆ 1 which maps 0 to 0 and all other vertices to 1. A map Λ n 0 → Fun(C, D) ⊗ lifting ǫ whose leftmost edge is F gives a diagram
where the bottom horizontal map is the constant map at F 0 . By Lemma 4.3.2.12 of [Lur09] , this diagram admits a lift, so φ is locally cocartesian. The converse is deduced from the fact that both locally cartesian edges and relative left Kan extensions are defined uniquely up to equivalence. Proof. Corollary 4.3.2.14 of [Lur09] . Lemma 5. Suppose p : X → S is a locally cocartesian fibration of ∞-categories, and let f be a locally cocartesian edge of X. The following conditions are equivalent:
′ is equivalent to f and both ∂ 1 σ ′ and ∂ 0 σ ′ are locally cocartesian.
Proof. The implication 1 ⇒ 2 is obvious, so let's prove the converse. Since the property of being cocartesian is closed under equivalence, we may assume that ∂ 2 σ ′ is equal to f . Let τ be a 2-simplex of X with ∂ 2 τ = f and ∂ 0 τ locally cocartesian; it suffices to prove that ∂ 1 τ is locally cocartesian. Choose
and all of the edges of τ ′ are locally cocartesian. Since they are both locally cocartesian and have the same source, ∂ 0 τ is equivalent to ∂ 0 τ ′ , and so τ is equivalent to τ ′ . In particular, ∂ 1 τ is locally cocartesian. The conclusion now follows from [Lur09] , Lemma 2.4.2.7.
Let l : L → F and k : K → F be maps of simplicial sets. If we have a map L → Fun(C, D) ⊗ of simplicial sets over F and an inclusion L ⊆ K over F , we denote by
We will abusively employ p without further decoration to denote
Now we can prove Proposition 4. Suppose f : S → T and g : T → U are composable morphisms in F . We let α : ∆ 2 → F be the map recording the composition of f with g. Thus, for example, a morphism F f over f is locally
Let S ∈ F , and suppose
S is a functor. We let F f be a p-left Kan extension of F S to C ⊗ f , and we let F g be a p-left Kan extension of The value of F U on Z ∈ C ⊗ U is by construction the p-colimit of the map
does not change the value of the colimit. On the other hand,
Thus, by Proposition 4.3.1.7 of [Lur09] , it suffices to prove that the natural inclusion 
The fiber of this category over S ∈ F is evidently Fun(C, D) S , so the symmetric monoidal ∞-category stakes are looking favorable. We need to verify a couple of things.
Lemma 7. Fun(C, D)
⊗ → F is a cocartesian fibration.
Proof. We need to show that the target of any cocartesian edge of Fun(C, D) ⊗ whose source is in Fun(C, D) ⊗ is also in Fun(C, D) ⊗ . To start, suppose f : S → T is a morphism in F . Since the pushforward associated to f is compatible with the product decompositions on C ⊗ S and C ⊗ T , we have a decomposition
induced by pushforward along f . Let (F s ) s∈S o be an S-tuple of functors from C to D, and let F f S denote the composite
Then F f S decomposes as a product of maps
Proof. We'll retain the notation of the previous proof, but now assume that f is inert. Then for each t ∈ T o ,
and so F ft = F t × ∆ 1 . We conclude that the pushforward associated to f is indeed the projection Fun(C, D)
Proof. By using the product decomposition of C ⊗ f for f inert, we reduce to the following: let G : C → D be a functor, and let F 0 be the composite
Then we must prove a functor F :
is a left Kan extension of F 0 (relative to ∆ 1 ) iff it preserves cocartesian edges. Since G × ∆ 1 is a left Kan extension of F 0 , the former condition merely states that F is equivalent to G × ∆ 1 , and G × ∆ 1 clearly preserves cocartesian edges. To prove the converse, we find it most convenient to deploy some machinery. By the opposite of Proposition 3.1.2.3 of [Lur09] applied to the (opposite) marked anodyne map ∆ 0 → (∆ 1 ) ♯ and the cofibration ∅ → C ♭ , the inclusion of marked simplicial sets
♮ is opposite marked anodyne and therefore a cocartesian equivalence in sSet + ∆ 1 . This means that F 0 extends homotopy uniquely to a map of marked simplicial sets
♮ which proves the result.
